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Abstract Wemeasured the isotope shift in the 2S1/2→
2P3/2 (D2) transition in singly-ionized calcium ions us-
ing photon recoil spectroscopy. The high accuracy of the
technique enables us to resolve the difference between
the isotope shifts of this transition to the previously
measured isotopic shifts of the 2S1/2 → 2P1/2 (D1) line.
This so-called splitting isotope shift is extracted and ex-
hibits a clear signature of field shift contributions. From
the data we were able to extract the small difference of
the field shift coefficient and mass shifts between the
two transitions with high accuracy. This J-dependence
is of relativistic origin and can be used to benchmark
atomic structure calculations. As a first step, we use
several ab initio atomic structure calculation methods
to provide more accurate values for the field shift con-
stants and their ratio. Remarkably, the high-accuracy
value for the ratio of the field shift constants extracted
from the experimental data is larger than all available
theoretical predictions.
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1 Introduction
The study of isotopic shifts in atomic systems has a long
history [1] and a profound understanding of the isotope
shift and theoretical calculations of the atomic prop-
erties is important in many applications. These reach
from the extraction of nuclear properties from atomic
spectra to applications in astronomy and fundamen-
tal physics. The spectrum of atoms and ions encodes
information that provides a key to the ground-state
properties of nuclei [2,3], small parity-violating effects
caused by the weak interaction [4], for unitarity tests of
the Cabibbo-Kobayashi-Maskawa (CKM) matrix [5], or
for probing the Higgs coupling between electrons and
quarks [6].
Light appearing on earth from stars at large distances
is red shifted and can provide information about the
spectra of atoms in ancient times and whether there
have been changes, for example from a variation of the
fine structure constant α. However, isotopic composi-
tion can also contribute to the observed shifts since the
isotopes have different resonance frequencies, but this
so-called isotope shift is usually not resolved [7,8,9]. In
this respect, isotope shift calculations became recently
an important topic with the goal to either determine
the influence of the isotopic abundance of the observed
species on the analysis for a change in α [7,10], or to
provide information of the isotopic composition in the
ancient times of the universe.
Calcium is an element of considerable interest for many
of the cases mentioned above. For example the isotope
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shift information in the 3d 2DJ → 4p 2PJ infrared
triplet [11] led to the discovery of an anomalous iso-
topic composition in mercury-manganese (HgMn) stars,
in which the isotopic Ca ratio in the stellar atmosphere
is dominated by 48Ca [12,13]. Isotope shifts in other
calcium transitions have been studied, e.g., to extract
nuclear charge radii along the long chain of isotopes
[14,15,16,17] or to perform ultra-trace analysis using
isotope selective resonance ionization [18]. Moreover,
the calcium ion is a workhorse in the field of quantum-
optical applications and transition frequencies and iso-
tope shifts of stable isotopes were measured with high
accuracy [19,20,21,22] and supported on-line studies of
exotic isotopes since they serve as calibration points [23,
17].
The calcium isotopic chain is quite unique since
it contains two stable doubly magic isotopes 40,48Ca+
that have practically identical mean-square charge radii
even though they are 20% different in mass. This has
been established using a variety of techniques, i.e. elas-
tic electron scattering [24], muonic atom spectroscopy
[25] as well as optical isotope shift data, e.g. [15] (for a
synopsis see e.g. [26] and references therein). The neg-
ligible change in nuclear charge radius between the two
isotopes allows for a cleaner separation of mass and
field shifts than in most other multi-electron systems.
The high-precision data presented here will provide im-
portant benchmarks for improved calculations of this
reference system.
The extraction of nuclear parameters from atomic
spectra is strongly facilitated by atomic structure cal-
culations. Despite being a lighter system with only 19
electrons, isotope shifts in the singly ionized calcium
(Ca+) have not been studied rigorously. High precision
calculations of magnetic dipole and electric quadrupole
hyperfine structure constants have been performed in
this ion using an all order relativistic many-body theory
in the coupled-cluster (RCC) theory framework [27].
However, calculations of field shift and mass shift con-
stants that are required to estimate isotope shifts have
not been performed at the same level of accuracy yet.
Here we present a high precision absolute frequency
measurement of the D2 line of 40Ca+ with 100 kHz ac-
curacy, representing a five-fold improvement over pre-
vious results [20]. Isotope shift measurements of this
transition with the same resolution are compared with
a measurement of the D1 line [22]. A clear signature
of field shift contributions to the splitting isotope shift
are observed. To explain this finding, we have also per-
formed several ab initio calculations of field shift con-
stants employing a hydrogenic method, a mean-field
method using Dirac-Fock (DF) equation, and state-of-
the-art atomic structure calculations.
2 Experimental setup
The isotope shift in the 2S1/2 → 2P3/2 (D2) transition
of even calcium isotopes was measured by photon recoil
spectroscopy, as described in detail in references [21,22].
In brief, we trap a singly charged 25Mg+ ion together
with the calcium isotope under investigation in a lin-
ear Paul trap. The 25Mg+ ion is used to sympathetically
cool the axial normal mode of the two-ion-crystal to the
ground state [28]. To probe the transition, a series of 70
pulses of the spectroscopy laser with a pulse length of
125 ns, synchronized to one of the motional frequencies
of the two-ion crystal are applied. Each spectroscopy
laser pulse is followed by 200 ns short repump pulses
on the 2D3/2 → 2P1/2 and 2D5/2 → 2P3/2 transitions
at 866 nm and 854 nm, respectively. Recoil kick upon
photon absorption on the spectroscopy transition re-
sults in excitation of nearly coherent motion. This mo-
tional excitation is mapped into an electronic excitation
using a stimulated rapid adiabatic passage (STIRAP)
pulse on the 25Mg+ ion [29]. The high photon sensi-
tivity of this technique provides a large signal-to-noise
ratio, resulting in a resolution of about 100 kHz in less
than 15min of averaging time. As a consequence of the
smallness of systematic effects, the accuracy of absolute
frequency measurements is also about 100 kHz. Isotope
shift measurements benefit from further suppression of
systematic effects, since most of them are common to
all isotopes.
Spectroscopy is performed using a cw single-mode
Ti:Sa laser (Sirah, Matisse TS) which is frequency dou-
bled in an enhancement cavity (Spectra-Physics, Wave-
Train). The frequency of the laser is locked to an
erbium-fiber-laser-based frequency comb. The comb is
stabilized in its offset and repetition frequencies to a H-
maser frequency which is calibrated by a caesium foun-
tain at PTB (German National Metrology Institute)
as shown in figure 1. A beat signal between the spec-
troscopy laser and the nearest comb tooth of a narrow-
band frequency-doubled output of the frequency comb
is detected with a fast photo diode. The nearest comb
tooth is identified by measuring the frequency of the
spectroscopy laser with a wavemeter (High Finesse,
model WS-7).
The RF signal is monitored by a spectrum ana-
lyzer (Rohde & Schwarz, FSL3) and mixed down to
10 or 35MHz using an rf synthesizer. The band-pass
filtered signal is used as the input signal of a self-build
phase frequency comparator (PFC) operating at 10 or
35MHz, which produces an error signal that is tailored
by a proportional-integral (PI) controller. The gener-
ated control signal is used to correct the frequency
of the Ti:Sa laser by changing the length of the laser
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Fig. 1 Simplified experimental setup. The left part of this
figure indicates the configuration of all optical beams and
bias magnetic field with respect to the ions in the trap.
The right part shows the optical setup for the spectroscopy
beam and the calcium repump beam. For details, see text.
All RF sources are referenced to a 10-MHz signal from
the H-maser (HM). AOM: acousto-optical modulator; CCD:
electron-multiplication charge coupled device; CSF: caesium
fountain clock; DC: Doppler cooling beam; ECDL: external-
cavity diode laser; FC: frequency counter; FS: frequency syn-
thesizer; P: Parabolic mirror; PFC: phase and frequency com-
parator; PI: proportional-integral controller; PIMg/Ca: photo-
ionization beam for Mg/Ca; PMT: photomultiplier tube; SA:
spectrum analyzer; SHG: second harmonic generation.
Fig. 2 In-loop beat signal of the Ti:Sa laser and the nearest
frequency comb tooth. The data recorded by the spectrum
analyzer with 10 kHz resolution bandwidth (blue circles) is
fit with a Gaussian profile (red curve) that gives an upper
bound of 260 kHz for the linewidth of the spectroscopy laser.
The black squares present the residuals of the fit.
cavity with a fast piezo-electric actuator. By adjust-
ing the frequency of the rf synthesizer, the frequency
of the spectroscopy laser can be adjusted to the res-
onances of the different isotopes. Figure 2 shows the
in-loop beat signal between the Ti:Sa laser and the
frequency comb, indicating an upper bound for the
linewidth of the spectroscopy laser below 260 kHz. The
long-term frequency instability is determined by count-
ing the mixed-down RF signal with a frequency counter
(Kramer+Klische FXE). We derive a frequency insta-
bility of about 14 kHz/
√
τ/s from an Allan deviation of
these measurements as shown in figure 3. The linewidth
and the frequency instability both fulfil the require-
ments for the anticipated resolution and accuracy of be-
low 100 kHz. The spectroscopy beam is intensity stabi-
lized and frequency scanned by an acousto-optical mod-
ulator (AOM), while another AOM is used for switch-
ing.
The 866 nm and 854 nm repump beams depopu-
lating the two D-states are generated by two external-
cavity diode lasers. The combined beam consisting of
the two repumpers is intensity stabilized by an AOM
which is also used for fast switching. The left part of
Figure 1 shows the direction of the beams together with
the magnetic bias field. It also contains the Doppler
cooling, Raman, and repump beams for controlling the
25Mg+ ion as described in detail e.g. in [28].
14 kHz/ 
Fig. 3 Allan deviation of the Ti:Sa laser frequency as mea-
sured by the frequency counter. The long term instability of
the locked spectroscopy laser is 14 kHz/
√
τ/s for integration
times longer than 1 s as derived from a fit to the data (red
line).
3 Isotope shift
Isotope shifts in atomic transition frequencies originate
from two effects: (i) a change in the size of the nucleus
and a corresponding change of potential experienced by
electrons having a finite probability density inside the
nucleus (field shift), and (ii) a change of the center of
mass motion of the nucleus (mass shift). The mass effect
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is more important for light nuclei due to the relatively
large mass differences, while the field shift is propor-
tional to the electron density inside the nucleus, which
increases roughly with Z2 and is the dominant contri-
bution in elements with large atomic number Z [1]. The
isotope shift is defined as δνA,A
′
i = ν
A′
i −νAi , where νA
′
i
and νAi are the frequencies of transition i for isotopes
with mass mA and mA′ , respectively. The mass shift
contribution to the isotope shift of a one-electron atom
can be calculated by replacing the electron mass me by
the reduced mass of the system and leads to
δνA,A
′
i,NMS = meν
A
i ×
mA′ −mA
mA · (mA′ +me) . (1)
It is called the normal mass shift (NMS) and the pref-
actor of the mass scaling Ki,NMS = meνAi is the nor-
mal mass shift constant. In a multi-electron system,
the nuclear recoil depends on the sum of all electron
momenta and therefore the mass polarization term or
specific mass shift (SMS) can have a considerable con-
tribution with the same mass-scaling. The correspond-
ing constant Ki,SMS is notoriously difficult to calculate
since it includes all electron momenta. The difference in
the transition frequency, δνA,A
′
i , between isotopes with
mass mA and mA′ can in total be expressed as
δνA,A
′
i = Ki
mA′ −mA
mA ·mA′ + Fi δ
〈
r2c
〉A,A′
, (2)
where Ki = Ki,NMS +Ki,SMS is the (total) mass shift
constant, Fi is the field shift constant, and δ
〈
r2c
〉A,A′
is the corresponding change in the mean-square nu-
clear charge radius of the two isotopes. Here we sim-
plified the mass-dependence term by the approximated
dependence as it is usally used in the literature. Ne-
glecting the additional electron mass in the denomina-
tor of Eq. (1) leads to a change only of the order of
(me/mA)
2. To extract nuclear charge radii from iso-
tope shifts, one needs reliable numbers for the mass
shift and field shift constants, which can be obtained
only from semi-empirical approaches or from ab-initio
calculations. Reasonable agreement is usually obtained
between these techniques. One of the most important
procedures in this respect is the King plot [30], of which
two versions exist that have different applications. Both
will be used below when analyzing the data.
The general approach is to multiply both sides of Eq. (2)
with the inverse mass factor µ = mA ·mA′/ (mA′ −mA)
and obtain
µ δνA,A
′
i = Ki + Fi µ δ
〈
r2c
〉A,A′
. (3)
The relation allows one to eliminate the unknown nu-
clear charge radii if measurements are performed in two
different transitions i and j for the same isotopes
µ δνA,A
′
i = Ki −
Fi
Fj
Kj +
Fi
Fj
µ δνA,A
′
j . (4)
This is a linear relation between the so-called modi-
fied isotope shifts µ δνA,A
′
in the two transitions i, j
and can be used to extract the respective ratio of the
field shift constants or the relation of the mass shift
constants. Alternatively, Eq. (3) can be used with data
of a single transition to directly obtain field shift and
mass shift constants. This requires mean-square charge
radii or their respective changes δ
〈
r2c
〉A,A′ for a subset
of at least 3 isotopes from other sources. Usually, radii
from elastic electron scattering or X-ray transitions in
muonic atoms are used, see e.g., Ref. [31]. By plotting
the modified isotope shift versus the modified changes
in the rms charge radii µ δ
〈
r2c
〉A,A′ , a linear regression
delivers the field shift constant as the slope and the
mass shift constant as the interception with the y-axis.
A multidimensional regression can be used if informa-
tion from several transitions is available.
Applying the extracted mass shift and field shift
constants, charge radii of other, especially short-lived
isotopes can be obtained. However, the accuracy of the
extracted nuclear charge radii with these procedures
is often hampered by the insufficient accuracy of the
charge radii data from external sources or the limited
number of stable isotopes. Odd-Z elements for exam-
ple have only one or two stable isotopes, which ren-
ders the usage of the King-plot procedure impossible.
High-precision isotope shift data with accuracy better
than 1MHz has rarely been obtained beyond the light-
est elements hydrogen [32], helium [33,34,35,36,37,38],
lithium [39,40,41,42,43,44] and beryllium [45,46,47]
where they are used to either extract nuclear charge
radii of stable and short-lived isotopes or to test many-
body non-relativstic quantum electrodynamics calcula-
tions (NR-QED). Similarly accurate data does so far
only exist for the D1 and D2 lines in magnesium [48,
49] and the D1 line in calcium [21,22], all obtained by
laser spectroscopy in Paul traps. Small differences in
mass corrected isotope shifts between transitions of the
same fine structure multiplet provide information on
subtle (relativistic) effects of the electronic wavefunc-
tion. A J-dependence of the field shift constant has al-
ready been reported in the 6s → 6p doublet in Ba II,
where a field shift difference of 2.5(3)% was observed
[50]. In lighter isotopes these effects, caused by differ-
ent contributions of the smaller component of the Dirac
wavefunction, are expected to be much smaller and were
so far not reported. Even in the most precise ab-initio
calculations up to Be, field shift factors are assumed to
be equal for both transitions of the respective doublets,
whereas a small relativistic mass-dependent change was
included. In the case of Mg, the transition frequencies
were measured only in two isotopes and, thus, a King-
plot analysis could not be performed. Here, we report
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on high-precision calcium isotope shift measurements
in the D2 line for 40,42,44,48Ca from which we extract
differences in the probability density of the electrons at
the nucleus and the mass dependence of the difference
between the isotope shifts in the two transitions i, j of
a fine structure doublet, the so-called splitting isotope
shift (SIS)
δνA,A
′
SIS = δν
A,A′
i − δνA,A
′
j , (5)
which can also be understood as the change of the fine
structure splitting between the respective isotopes.
4 Experimental results
4.1 Transition frequencies
The absolute frequency of the D2 transition of 40Ca+
is measured using the photon recoil spectroscopy tech-
nique with an accuracy of better than 100 kHz. Ta-
ble 1 lists this new value together with previously mea-
sured transitions using the same technique [21,22] and
literature values. As for the previous measurements,
the main systematic shifts of the D2 transition fre-
quency include the lineshape shift, AC-Stark shift, Zee-
man shift, and AOM-envelope shift. We evaluate the
shifts following the procedures outlined in reference [21]
and adopt the results for the Zeeman and Stark shift
measurements. The frequency shift estimation is listed
in Table 2. The absolute frequency of the 40Ca+ D2
transition is 761 905 012 606 (91) kHz obtained as the
weighted average of the five measurements shown in
Fig. 4.
Table 1 Absolute frequency of the 2S1/2 → 2P3/2 , 2S1/2 →
2P1/2 , and 2D3/2 → 2P1/2 transition of 40Ca+.
Transition Frequency (MHz) Ref.
2S1/2 → 2P3/2 761 905 012.606 (91) this work
761 905 012.7 (5) [20]
2S1/2 → 2P1/2 755 222 765.896 (88) [21]
755 222 766.2 (17) [19]
2D3/2 → 2P1/2 346 000 234.867 (96) [22]
4.2 Isotope shift
We analyse the data to extract the different contri-
butions to the isotope shift and to establish a self-
consistent set of observables that can be used to provide
benchmarks for atomic structure calculations of this 19-
electron system. The isotope shifts are evaluated with
Table 2 Uncertainty estimation of the absolute D2 transi-
tion frequency in 40Ca+. All values are in kHz.
Systematic effect Shift Uncertainty
Zeeman (static magnetic field) -8 59
AC Stark (spectroscopy laser) 60 44
Lineshape (detection scheme) 152 20
Spectroscopy laser lock 0 0.6
Statistics 0 49
Total 204 91
Fig. 4 Results of five independent measurements of the ab-
solute transition frequency in the D2 line of 40Ca+. The blue
solid line is the weighted average frequency. The blue dashed-
dotted lines represent the statistical uncertainty and the red
dashed lines the combined uncertainty corresponding to a
confidence interval of 68.3%. The error bar assigned to each
measurement point indicates the statistical uncertainty.
respect to the most abundant isotope 40Ca+. The tran-
sition frequencies of the reference and the isotope ACa+
are measured interleaved on one day to cancel all com-
mon systematic shifts. The resulting isotope shifts are
listed in Table 3 together with the isotopic shift of the
D1 transition obtained in a previous measurement [22],
and their difference. The latter, the so-called splitting
isotope shift δνSIS will be discussed in Sec. 5.
We performed a King plot analysis of the D1 ver-
sus the D2 transition according to Eq. (4). The result
Table 3 Measured isotope shifts in the D1 and D2 tran-
sitions referenced to 40Ca+. All values are given in MHz.
The last column provides the difference between the isotope
shifts in the two lines of the fine structure doublet, which is
commonly known as the splitting isotope shift δνA,40SIS . The
uncertainties are dominated by statistics.
A δνA,40D1 δν
A,40
D2 δν
A,40
SIS
42 425.706 (94) 425.932 (71) 0.226 (118)
44 849.534 (74) 850.231 (65) 0.697 (98)
48 1705.389 (60) 1707.945 (67) 2.556 (90)
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is shown in Fig. 5 and demonstrates the high quality
of the data indicating that at this level of accuracy
second-order mass polarization terms can still be ne-
glected. The slope of the line provides the ratio of the
field shift constants f := FD2/FD1 in the two tran-
sitions while a relation between mass and field shift
is obtained from the intersection with the y-axis as
k := KD2−KD1FD2/FD1. We used two fitting routines
that are able to take the measurement uncertainties in
x and y direction into account to determine the pa-
rameters f and k with corresponding uncertainties: we
employed the algorithm described by York et al. [51]
and performed a Monte Carlo analysis [22]. The re-
sults of both methods are listed in Table 4 and are fully
consistent. A standard linear regression performed with
MATLAB gives consistent values for the fit parameters,
but differs in the assigned uncertainty, since it neglects
the x uncertainty of the experimental data. From f we
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Fig. 5 King plot of the D2 versus the D1 transition. Plot-
ted are the modified isotope shifts µ δν40,Ai in the D2 against
the D1 transition. The red dots represent the formerly most
accurate measurements [23] and the blue dots are the mea-
surements presented here, with uncertainties smaller than the
symbol. The line is the result of a linear regression of Eq. (4)
taking uncertainties in both axis into account (for details see
text). The insets show the relevant ranges around the data
points enlarged by more than two orders of magnitude to
illustrate the quality of the fit.
can clearly conclude that the field shift in the D2 tran-
sition is by 0.85(12)% larger than in the D1 transition.
The size of this difference comes as a surprise compared
to a simple estimate using the hydrogenic approach of
0.52% which is expected to provide an upper bound
and will be discussed in Sec. 6.
Absolute values for the field-shift and mass-shift
constant are required to extract nuclear properties. This
is not possible solely based on spectroscopic data with-
Table 4 Ratio of field shift factors f := FD2/FD1, f1 :=
FDP/FD1, f2 := FDP/FD2 and difference k := KD2−f ·KD1,
k1 := KDP − f1 · KD1, k2 := KDP − f2 · KD2 in GHz·amu
as obtained from the King plots of the D1, D2 and 2D3/2 →
2P1/2 (DP) transitions.
York et al. Monte Carlo std. fit
f 1.0085 (11) 1.0085 (12) 1.0083 (6)
k −2.881 (472) −2.873 (473) −2.787 (212)
f1 −0.3110 (10) −0.3114 (10) −0.3116 (15)
k1 −1862.9 (4) −1862.8 (4) −1862.7 (6)
f2 −0.3084 (10) −0.3088 (10) −0.3090 (17)
k2 −1863.8 (4) −1863.6 (4) −1863.6 (7)
out additional information on the finite nuclear size ef-
fect. Fortunately, there is plenty of data for the stable
calcium isotopes not only for the mean square charge ra-
dius but also for form factors and their isotopic change.
The most intriguing point in the calcium isotope chain
is the fact that the two doubly magic isotopes 40,48Ca+
have practically identical mean-square charge radii.
Form factor measurements indicate that this is due to
the fact that charge is being transferred from the cen-
ter and the skin of the nucleus towards the surface re-
gion where the nuclear density dropped to about half
the saturation value, resulting in identical mean-square
charge radii for both isotopes [26,24,53]. Since there
is clear evidence for this from non-optical data and it
is also confirmed with high accuracy from optical data,
we use this particularity of the isotope chain to separate
mass and field shift. Below, we will present the result
of a full analysis with all uncertainties included. First
we assume that δ
〈
r2c
〉48,40
= 0 in order to explore the
limits inherent in our measurement uncertainty rather
than being limited by the uncertainty of the nuclear size
correction. With this assumption, the isotope shift be-
tween the doubly magic isotopes arises entirely by the
mass shift, which is KD1 = 409.020(14)[304]GHz·amu
and KD2 = 409.633(16)[307]GHz·amu for the D1 and
D2 transitions, respectively. The parentheses represent
the uncertainty excluding any uncertainty of δ
〈
r2c
〉40,48,
while the value in square brackets indicates the change
of Ki for δ
〈
r2c
〉40,48
= −0.0045 fm2 taken into account.
The significant deviation of the ratio KD2/KD1 =
1.00150 (5) from one is caused by relativistic effects.
Please note that the uncertainty from δ
〈
r2c
〉40,48 given
in the square brackets largely cancels in this ratio since
it changes both mass shift constants by the same (small)
amount.
For a full analysis we include the newly measured
transition and extend the analysis performed in [22].
From this, we extract field and mass shift constants for
the D2 line and improve the uncertainties of the con-
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stants in the D1 transition. The result of this analysis
is displayed in Table 5.
Table 5 Parameters of a three-dimensional King plot seeded
with values of δ〈r2c〉A,40 taken from [54]. The units for the
field shift constants Fi and mass shift constants Ki and the
changes in mean square nuclear charge radii δ〈r2c〉j,40 are
MHz·fm−2, GHz·amu and fm2, respectively.
Param. Previous [22] This work
FD1 −281.8 (7.0) −281.8 (6.9)
KD1 408.73 (40) 408.73 (40)
FD2 −284.7 (8.2)
KD2 409.35 (42)
FDP 87.7 (2.2) 87.6 (2.2)
KDP −1990.9 (1.4) −1990.0 (1.2)
δ〈r2c〉42,40 0.2160 (49) 0.2160 (49)
δ〈r2c〉44,40 0.2824 (65) 0.2824 (64)
δ〈r2c〉48,40 −0.0045 (60) −0.0045 (59)
5 Splitting isotope shift
The splitting isotope shift (SIS), i.e. the change of the
fine structure splitting between isotopes, has been re-
cently the subject of investigations in He [55], Li [43,44]
and Be [47]. It is known to have in first order a mass de-
pendence linear in 1/µ = 1/mA − 1/mA′ . For light iso-
topes, the SIS is nearly independent of both, QED and
nuclear volume effects and has therefore served as an
important consistency check for theory and experiment
[56]. From our previous analysis of the isotope shifts,
we can conclude that in calcium a small contribution
of the finite nuclear size effect is still inherent in the
SIS since the field shift coefficients for both transitions
are slightly different. Again, we can utilize the identi-
cal mean-square charge radii of 40,48Ca+, extract the
mass polarization factor KSIS = −613 (21)MHz · amu
and plot the mass dependence of the SIS (red solid line
in Fig. 6). The experimental SIS values for 42,44Ca+
clearly deviate from this prediction for light isotopes.
However, the typical mass-dependence is restored to
very high accuracy if the SIS is corrected for the differ-
ence in the field shift contribution according to
δνSIS,fs−corr = δνSIS,exp −
(
FD2
FD1
− 1
)
· FD1 · δ
〈
r2c
〉
(6)
using the field shift ratio f as determined above, the
field shift factor FD1 = −284.7(8.2)MHz/fm2 and the
known change in the mean-square charge radii accord-
ing to Table 5. The obvious discrepancy between the
expected mass dependence of the first-order mass po-
larization term and the experimentally observed SIS for
42,44Ca+ can be perceived as the first detection of the
S
S
IS
Fig. 6 Splitting isotope shift as extracted from the measure-
ments in the D1 and the D2 transitions. The blue circles are
the experimentally determined splitting isotope shifts. The
red line represents the mass dependence as expected from
the measured δν40,48SIS assuming that δ〈r2c〉40,48 = 0 and ne-
glecting the field shift contribution. The red squares are the
SIS of 42Ca+ and 44Ca+ after correction for the remaining
field shift in the SIS.
field shift in a fine structure transition (2P1/2 → 2P3/2)
of a light ion.
In conclusion, the experiment provided high accu-
racy data that can now be used to guide and bench-
mark theoretical mass shift and field shift calculations.
In the following section we present improved calcula-
tions of the field shift in these transitions.
6 Theoretical background
Theoretical analysis of the isotope shift in heavy atoms
is generally a rather complicated task which requires
a proper account of relativistic, many-body and even
quantum electrodynamics (QED) effects. Since the de-
tailed evaluation of these effects is beyond the scope
of the present paper, we just briefly recall main theo-
retical approaches and their predictions here. We will
focus again on the field shift constants Fi that charac-
terize the finite nuclear size contribution to the differ-
ence in transition frequencies δνA,A
′
i , see Eq. (2). Our
experiment has shown that the field shift in the D2
(2S1/2 → 2P3/2 ) transition is clearly larger than that
in the D1 (2S1/2 → 2P1/2 ) channel. This J-dependence
of the constant Fi can be understood from the differ-
ent behaviour of the Dirac wave functions of the 4p1/2
and 4p3/2 states at the coordinate origin. Namely, while
ψ4p3/2(r) vanishes at r = 0, the ψ4p1/2(0) is nonzero due
to the contribution of its small (relativistic) component
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with the orbital angular momentum ` = 0. Hence the
reduction of the electron density at the nucleus, being
the origin of the field shift, is larger for the 2S1/2 →
2P3/2 transition.
Having discussed the (qualitative) reason for the dif-
ference of the D1 and D2 field shifts, we will compute
now the ratio f = FD2/FD1. As a first approximation,
we employ the known formulas for the finite–nuclear–
size correction for the n = 4 hydrogenic states from
Ref. [57] to find:
fhydr = 1 + (Zα)
2 15
64
+O((Zα)2) . (7)
This expression yields fhydr = 1.0050 for the nuclear
charge Z = 20, which is in good agreement with the re-
sult fhydr,num = 1.0051 of a direct numerical evaluation
of hydrogenic field shifts.
Within the naïve hydrogenic approach one can also
estimate the contribution of the QED effects to the ratio
FD2/FD1 of the field shift constants. Namely, by using
results for nuclear-size correction to the Lamb shift of
one-electron atoms, Ref. [58], we estimate:
δfQEDhydr = (Zα)
2 15
64
× α
pi
[1 +O(Zα)] . (8)
This implies that the QED effects are negligible for
the f ratio in the Ca+ ion, δfQEDhydr  fhydr. There-
fore, any further corrections to the fhydr may arise only
from the electron-electron (e–e) interactions which were
neglected in the hydrogenic model. These interactions
should reduce the fhydr as can be expected, for exam-
ple, from Eq. (7) in which we can decrease the charge
Z to account for the screening of the nucleus by core
electrons.
Table 6 Transition field shift constants and ratios obtained
in the CCSD(T) and CI+MBPT calculations and compari-
son with experimental values. We use the notation defined in
Table 4. F is in MHz/fm2, f dimensionless.
Param. Experiment CCSD(T) CI+MBPT
FD1 −281.8 (7.0) −279.0 (6.0) −288.6 (1.2)
FD2 −284.7 (8.2) −280.3 (6.0) −289.0 (1.2)
f 1.0085 (12) 1.0048 1.0014 (4)
F 87.7 (2.2) 103 (10) 90.3 (1.0)
f2 −0.3088 (10) −0.367 −0.312 (5)
In order to describe properly the many-electron con-
tributions to the field-shift ratio f , one needs to ap-
ply theories more advanced than the “screening” hy-
drogenic model. Therefore, as a second approximation,
we solved the DF equation and found the finite nu-
clear size corrections to the Ca+ energy levels ∆Efns.
The field-shift ratio is then simply evaluated as fDF =
Table 7 Theoretical predictions for the ratio f = FD2/FD1
of the field-shift constants for the Ca+ ion. The theoretical re-
sults are compared, moreover, with the present experimental
value of f .
Theoretical model f Refs.
Hydrogenic 1.0051 This work
Dirac-Fock 1.0010 This work
Dirac-Fock + Core Pol. 1.0009 This work
CCSD 1.0029 This work
CCSD(T) 1.0048 This work
MBPT 1.0011 Ref. [62]
CI+MBPT 1.0014 (4) This work
Experimental value 1.0085 (12) This work
∆Efns(D1)/∆Efns(D2) and is 1.0010 for Ca+. This DF
result includes the first order e–e correlations and can
be further improved by taking into account the higher–
order corrections. For example, to consider (partially)
the second–order e–e effects we employed the DF equa-
tion with the effective core–polarization potential [59,
60,61]. As seen from the third line of the Table 7, this
leads to a further slight reduction of the f ratio.
To further investigate the role of e–e interactions,
we employ a RCC theory starting with the DF equa-
tion by considering singles and doubles excitation ap-
proximation (CCSD method) and accounting impor-
tant triple excitations in the CCSD method (referred
to as CCSD(T) method) as described in Ref. [63,
64]. In this calculation, we consider a Dirac-Coulomb-
Breit Hamiltonian and lower order QED corrections
in the approximations described in Ref. [65]. We ob-
tain the field shift constant for the D1 and D2 lines as
FD1 = −284.0MHz/fm2 and FD2 = −284.8MHz/fm2
in the CCSD method and FD1 = −279.0MHz/fm2 and
FD2 − 280.3MHz/fm2 in the CCSD(T) method. This
corresponds to fCCSD = 1.0029 and fCCSD(T) = 1.0048
in the CCSD and CCSD(T) methods respectively. We
compare the experimental results on the field shift con-
stants and their ratios in Table 6 with the ones ob-
tained from the CCSD(T) method. The ratio obtained
in CCSD(T) is close to the hydrogenic value, but still
considerably smaller than the experimental result.
As an alternative approach to the CCSD(T) method
we have examined the correlation potential method [66]
and the combination of configuration interaction and
many-body perturbation theory (CI+MBPT) [67,68].
Both methods give very consistent results. In the first
method we create a correlation potential Σˆ to second
order in the residual Coulomb interaction. We include
this potential in the DF Hamiltonian and solve to cre-
ate “Brueckner” orbitals. The field shift is obtained by
varying the nuclear radius, repeating the entire calcula-
tion, and extracting the dependence of the energy eigen-
Unexpectedly large difference of |ψ(0)|2 in the 4p 2P1/2,3/2 fine-structure doublet of Ca+ 9
value. This ‘finite field’ method is similar to that previ-
ously applied to calculations of field shift in Ca+ [69].
It includes certain chains of diagrams to all-orders, for
example so-called random-phase approximation correc-
tions are included. Our result for the D2/D1 ratio us-
ing Brueckner orbitals is f = 1.0010. This value is di-
rectly comparable to the third-order MBPT results of
Safronova and Johnson [?] who also obtain f = 1.0010.
In the second method we perform a configuration in-
teraction (CI) calculation allowing for single and dou-
ble excitations from the 3s and 3p hole states. Cor-
relations with the frozen core (K and L shells) are
included at second-order in MBPT by modifying the
radial integrals of the CI calculation. This ‘particle-
hole’ CI+MBPTmethod is similar to that introduced in
Hg+ [70]. It improves upon the Brueckner calculation in
that correlations with the core 3s and 3p shells are taken
into account to all order (only double excitations are in-
cluded, but triple excitations in this calculation are not
important). Again we use the finite-field method to ob-
tain the field shift. The final results presented in Tables
7 and 8 is the CI+MBPT method, with the difference
from the Brueckner calculation taken as an indicative
uncertainty. Note that QED effects are not included in
these results. They can contribute up to 2 MHz/fm2, to
FD1 and FD2, but as discussed previously they have a
much smaller effect on the ratio.
In Table 7 we summarize our theoretical predictions
of the field–shift ratio f . As expected, the hydrogenic
value provides the upper bound of the ratio FD2/FD1
while the electron correlations lead to a reduction of f .
Moreover, one can see from the table that the experi-
mental result for the relativistic correction to the ratio
of field-shift constants, i.e. 1− fexp, is 70% larger than
all available calculations, including even fhydr. The dis-
crepancy between fexp and the best theoretical models
is about 3σ of the experimental uncertainty; its reason
is still unclear and will require future study.
7 Summary
We presented absolute frequency and isotope shift mea-
surements of the D2 line in even calcium isotopes at
the 100 kHz level. The high accuracy of the measure-
ment was enabled through photon recoil spectroscopy
on trapped and sympathetically cooled ions using a
spectroscopy laser referenced via an optical frequency
comb to a calibrated hydrogen maser at PTB. From
a multi-dimensional King plot analysis including data
from previous measurements on the D1 and 2D3/2 →
2P1/2 transitions, we derived a slightly improved set
of field and mass constants for these transitions, and
changes in the nuclear charge radius between isotopes.
In particular, the measurements revealed for the first
time field shift contributions to the splitting isotope
shift in a light ion. Using the experimental data as a
benchmark, we have performed theoretical calculations
of the field shift constants and their ratios by using a
simple hydrogenic approach, by solving the Dirac-Fock
equation, also including core polarization, by relativis-
tic coupled-cluster calculations including up to triples
excitation, and by combining configuration interaction
and many-body perturbation theory. The individual
field shift constants for the D1 and D2 line derived from
the coupled-cluster and many-body perturbation the-
ory calculation show satisfactory agreement with the
experimental data. However, we experimentally found
a surprisingly large ratio of the field shifts in the D2
and D1 fine structure duplet, fexp. The relativistic cor-
rection to this value, 1−fexp, is about 70% larger than
the theoretical estimates, which is a 3 σ of experimen-
tal uncertainty. The account of electron-electron inter-
actions leads to a further reduction of the theoretical
value ftheo and, hence, to an even larger discrepancy
with the experiment. For example, based on the CCSD
theory we found that the difference of the D1 and D2
field shifts of 0.18% is considerably smaller than the
0.83% found in the experiment. The origin of this un-
expectedly large difference must be clarified by further
theoretical and experimental studies.
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